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Abstract 



We consider the incompressible Euler equations in a (possibly multiply connected) bounded domain Q 
of R^, for flows with bounded vorticity, for which Yudovich proved in 28. global existence and uniqueness of 
the solution. We prove that if the boundary dQ of the domain is C°° (respectively Gevrey of order M ^ 1) 
then the trajectories of the fluid particles are C°° (resp. Gevrey of order M + 2). Our results also cover 
the case of "slightly unbounded" vorticities for which Yudovich extended his analysis in [29]. Moreover if 
in addition the initial vorticity is Holder continuous on a part of SI then this Holder regularity propagates 
smoothly along the flow lines. Finally we observe that if the vorticity is constant in a neighborhood of the 
boundary, the smoothness of the boundary is not necessary for these results to hold. 

1 Introduction 

We consider the initial-boundary- value problem for the 2-D incompressible Euler equations in a regular (possibly 
multiply connected) bounded domain fi: 



Here, u = (ui, U2) is the velocity field, p is the pressure and fi denotes the unit outward normal to the boundary 
do. of f2. A key quantity in the analysis is the vorticity u curl u, which satisfies the transport equation: 



so that, at least formally, the integral over i7 of any function of the vorticity is conserved when time proceeds. 

The global existence and uniqueness of classical solutions to (II. 1[) were obtained by W. Wolibner [57] and 
extended to multiply connected domains by Kato in TO". This result was extended by Yudovich pS' to flows 
such that the initial vorticity (and hence the vorticity at any moment t) is bounded. The corresponding velocity 
field u is Log-Lipschitz so that there exists a unique flow map $ continuous from K-|_ x to such that 



Moreover there exists c > such that for any i > 0, the vector field •) lies in the Holder space C°'™p^ ct||wo||ioo( 
and an example of Bahouri and Chemin shows that this estimate is optimal. Here and in the sequel we 
denote C^-'\n), for A in N and r e (0, 1), the Holder space endowed with the norm: 



< 



dtU + u ■ + VxP — 0, in (0, +00) x Vl, 

div u = 0, in [0, +00) x il, 

u ■ n = 0, on [0, +00) x 

u{0,x) = uq{x), on {i = 0} X fi. 



(1.1) 



dtijo + u ■ \7uj = 0, in (0, +00) x il. 




(1.2) 



ll"llc^-'-(0) — sup (||a"-u||ioc(t2) + sup 




\d°'u{x) ~ d°'u{y)\ 
\x - yl"^ 



) < -1-00, 
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and the notation C^^^{^lo) holds for the space of the functions which are in C^'^{K) for any compact subset 

Ken. 

In this paper we prove the fohowing result concerning the smoothness in time of the flow map. 

Theorem 1. Assume that the boundary dfl is C°° (respectively Gevrey of order M ^ 1). Then there exists 
c > such that for any divergence free vector field uq in L^(0) tangent to the boundary dfl, with ujq := curluo G 
L°°{n), the flow map $ is, for any r G (0, 1), for any T > 0, C°° (resp. Gevrey of order M + 2) from [0, T] to 
C°^^{n), with f := rexp(-cr||L^o||L-(i2)). 

Theorem [T] extends some previous results on the smoothness of the trajectories of the incompressible Euler 
equations that we now recall. In [5], [6] Chemin proved some similar statements for classical solutions in the 
full space. More precisely, he proves that the flow map $ is C°° from [0, T], for any T G (0, T*) with T* is the 
lifetime of the classical solution, to the Holder spaccu C"'^''"(M'^) for r G (0, 1) and for both d — 2 and d = 3. 
These results were improved by Gamblin 16 and Serfati [33], [H], [23] who prove that the flow of classical 
solutions is analytic and that the flow of Yudovich's solutions with bounded vorticity is Gevrey 3, still for fluids 
filling the whole space. 

Their results were extended to the case of classical solutions in bounded domains, in both 2 and 3 dimensions, 
in [Tg by Kato (the flow map $ is C°° from [0,T] to the Holder space C'^'^'in) for r G (0, 1)) and in [17] (the 
flow map $ is analytic from [0, T] to the Holder space C^''"(f2) for r G (0, 1)). Actually the main result in [17] is 
that the motion of a rigid body immersed in an incompressible perfect fluid which occupies a three dimensional 
bounded domain is at least as smooth as the boundaries (of the body and of the domain) when the initial 
velocity of the fluid is in the Holder space C^'^{n) (till the classical solution exists and till the solid does not 
hit the boundary). One ingredient of the proof was precisely the smoothness of the flow of the incompressible 
Euler equations. We therefore hope that the analysis of the paper should be applied to the smoothness of the 
motion of a body immersed in a perfect incompressible fluid with Yudovich vorticities. 

The following result bridges Theorem [T] and the earlier results about classical solutions, proving that, for 
Yudovich solutions, extra local Holder regularity propagates smoothly along the flow lines. 

Theorem 2. Under the (respective) hypotheses of Theorem]^ and assuming moreover that the restriction wo|no 
is in the Holder space Ciofi^o), where Aq G N and r G (0, 1) and VIq an open set such that fig C $1, we have that 
the flow map is, for any T > 0, for any compact K C fig, C°° ( resp. Gevrey of order M + 2 + (Aq + 1) (r + 1)^ 
from [0,T] to C^°+^'''{K). 

Actually we will obtain Theorem [1] (resp. Theorem [2]) as a particular case of Theorem [5] (resp. Theorem 
[7]) below, which encompasses more general initial vorticities. More precisely we will also consider the "slightly 
unbounded" vorticities introduced by Yudovich in [29] . 



2 Yudovich's slightly unbounded vorticities 

In this section we recall the setting of Yudovich's paper _29j with a few extra remarks which will be useful in 
the sequel. We start with the following definition. 

Definition 1 (Admissible germs). A function 9 : [po,+oo) (0,+oo), with pq > 1, is said admissible if the 
auxiliary function Tg : [1, +oo) — S> (0, +oo) defined for a > 1 by 



'•+°° da 

GO. 



aTg{a) 



1 P 
Tg{a) :— inf{ — 6'(-), < e ^ 1/Po} satisfies I 
£ c Ji 

Let us denote 9o{p) '■= 1, and, for any m G N*, 

e.„,{p) :=logp.log2p...log"p, (2.1) 

where log™ is log composed with itself m times. 

Examples 1. For any m G N, the germs 9m are admissible. 



^One has also to require a decreasing condition at infinity to avoid anomalous solutions, for instance imposing that the velocity 
field u is in L''(R3) with l<q< +oo. 
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Proof. Let be given 9 : [po, +00) — > (0, +00), with po > 1. For a > e^", 

Te(a) ^ eloga-6l(log a), (2.2) 
since e = (loga)^^ is in (0, l/po). Therefore, 



rfa _i /•+°° dloga _i dp 

^ e / rr; r = e ' 



aTe(a) 7ePo logo • 6'(loga) Jp^ P ■ 0{p)' 

The result follows from a repeated change of variables: for any to G N, for any P2^ Pi^ exp'"(l), where exp™ 
is exp composed with itself m times, 

^P 1 m+l 1 m+l /r) o\ 

log ^ P2~ log ^ pi. (2.3) 



P ■ Om{p) 

□ 

Definition 2 (The space Yg). Given an admissible germ 9 : [poj+oo) — >■ (0,+cxd), with p^ > 1, we denote Yg 
the space of the divergence free vector fields u in L'^{rt) tangent to the boundary, such that curlu belongs in 
rip^pp LP{fl), and such that there exists Cf > such that 

Wfh^in) ^Cf9{p) for p^po. (2.4) 

It is a Banach space endowed with the following norm: 

Wfhe ||/||L2(ij) +inf{c/ > 0/ (EH) holds true }. 

Remark 1. In particular for 9 = 9q, the space Yg corresponds to the space of the divergence free vector fields 
u in L'^{il) tangent to the boundary with curlw in L°°{Q,). 

Remark 2. Vorticities with a point singularity at xq E ^l of type loglog||a; — a;o||^^ belongs to the space Yg, 
with 9 of the form 9 = c9\ (where c is a positive constant), which is therefore admissible (cf. J29f . Example 3.3J. 
On the other hand thanks to Laplace 's method, we have that norms of a vorticity with a point singularity at 
Xq fl of type log \\x — xqW^^ is equivalent to cp (where c is a positive constant), and is therefore non- admissible 
(cf IMS, Example 3.2). 

In this setting existence and uniqueness holds according to the following result. 

Theorem 3 (Yudovich |29|). Assume that the boundary dO, of the domain is . Given uq in Yg, there exists 
a unique weak solution u of (jl.ll) in L°°([0, +cxd), Yg). 

We are now going to examine the flow map of these solutions. We first recall the following definition. 

Definition 3 (Modulus of continuity). We will say that, a > being given, a function fi : [0,a] — > M+ is a 
modulus of continuity if it is an increasing continuous function such that /x(0) — 0. We will denote by Cp(f2) 
the space of continuous functions f over ft such that the following semi-norm 



lc^(n) := sup 



0<||x-y||^a fJ-i\\x-y\\) 

is finite. 

A function in C^{fl) extends uniquely to a function in C^(il). In particular, since 51 is bounded, a function 
in Cfj,{il) is bounded. Moreover in the case where a > diam(f2), and ii{h) :— h^ with r G (0, 1), then Cp(f2) — 

Let us remark the following. 

Lemma 1. Let F be in the Holder space C'^'^{fl), with r € (0, 1), let fi be a modulus of continuity and let 
(j) : fl ^ be in Cp(f2); then fjl" is a modulus of continuity and F o (p is in Cp,r-(ft) with \\F o (j)\\c ^(o) ^ 
ll^llco,^(n)-||'/'ll^,(n)- 
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Proof. For x, y in fl, with < [|a; — y\\ ^ a, we have 

and : h £ [0,a] n> p{hY is a modulus of continuity. □ 

Definition 4 (Osgood modulus of continuity). We say that a modulus of continuity /i : [0,a] — ^ M-i- is an 
Osgood modulus of continuity if = +00. 

Remark 3. For a modulus of continuity (Osgood or not), only the behavior of p near does really matter for 
our purposes, not the value of a. 

Theorem 4 (Yudovich |29)). Assume that the boundary dfl of the domain is . There exists C > (depending 
only onil) such that for any admissible germ 9, for any initial velocity uq in Yg, the corresponding unique weak 
solution u of the Euler equations provided by Theorem\3[ is in L°° {[0,+ 00), Cfj_(fl)), where the modulus of 
continuity fi satisfies 

fi{h) < ChTeih-^), (2.5) 

where Tq is the function which appeared in Definition [TJ Thus fi is an Osgood modulus of continuity. 

Let us stress that the function /i in Theorem |3] is independent of time. 

Remark 4. Theorem^ applies in particular for 9 ~ Oq (bounded vorticity), and we recover the well-known fact 
since ]28f that we can take an Osgood modulus of continuity of the form 

p{h) := C||wo||L°°(n)^ log(ft-^^), with C > (depending only on £7). 

It is therefore classical (see for example 13!) that, for u as in Theorem 21 there exists a unique corresponding 
flow map $ continuous from M+ x £7 to such that 

$(i,x)=a;+ / u{s,^{s,x))ds. 
Jo 

This relies on the Osgood Lemma that we recall above under a form appropriated for the sequel. 

Lemma 2. Let p be a measurable function from [0,T] into [0,a], p a modulus of continuous on [0,a], c £ (0,+oo) 
and assume that for all t £ [0,T], 



p{t) ^c+ I p{p{s))ds. 
Jo 

Then for all t £ [0,T], 

dh 

s$ t. 



p{h) 

Let T > 0. Since the modulus of continuous p provided by Theorem 2] is an Osgood modulus there exists 
a £ (0, a) such that 

J > i^T, where k := |lu|li«,([o,+oo),c^(a))- 

For any t £ [0, T], for any h £ (0, a] there exists an unique Tt{h) G [h, a] such that 

'■i^'C') dh 



p{h) 



Kt. (2.6) 



In addition, for any t £ [0,T], extended by rt(0) — 0, the function Ft is a modulus of continuity. Furthermore, 
we have the following. 
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Lemma 3. For any t S [0,T], the flow map .) at time t belongs to Crt i^)- 

Proof. Let X, y be in with < ||a: — y\\ ^ a. Using Theorem 2] we get that for any t G [0, T], 

mt,x)~^t,y)\\ ^ llx-yll+K / ^Iims,x)-<S>{s,y)\\)ds. 



Thanks to the Lemma [H we infer that for any t G [0,r], 

/.||*(t,x)-*(t,y)|| 

/ and thus «crt(||a;-j/||). 

J\\x-v\\ 

□ 

At this point we can already say that for any x E Cl, the curve t M- ^(t, x) is absolutely continuous hence 
differentiable almost everywhere with dt^{t,x) — u{t,^{t,x)). In addition uniqueness implies that the flow 
satisfies the Markov semigroup property. Finally for any t G [0,T], the flow map $(<, •) at time i is a volume- 
preserving homeomorphism. 

Let us now have a deeper look at the smoothness in space of the flow map. We start with recalling the 
following. 

Remark 5. In the particular case where the initial vorticity is bounded (when 9 = Oq) it is well-known that 
there exists c > such that for any t > Q, •) lies in the Holder space C''^''^'^p(~°*ll'^olli'°°(")) . An example by 
Bahouri and Chemin JSj/ shows that this estimate is actually optimal. 



Lemma 4. For 9 = 9m, o,s in (j2.1l) . with m G N*, the modulus of continuity Tt of the flow map satisfies 

Tt{h) < (exp"((log™(/i-2))<='=p(-2CKt)))-i^ ^2.7) 

Proof. Combining ((2?2]) and ((2?5]) . we get ^{h) < Ceh9m+iih^^). Hence, using (|2J)) . 



/ / / t . =c-^(-iog"'+^(r.(fe)-^) + iog"+^(fe-^)), 

by (|2.3p . with C :— 2Ce. The result is then straightforward. □ 

[llj . Chapter 5 provides some examples of Yudovich's slightly unbounded initial vorticities for which the 
solution to the Euler equations in the plane has an associated flow which lies in no Holder space of positive 
exponent for all positive time. However for 9 = 9^, with m G N*, the flow map is necessarily Dini continuous. 
Before to prove this, let us recall the following definition. 

Definition 5 (Dini modulus of continuity). We say that a modulus of continuity ji : [0,a] R+ is a Dini 
modulus of continuity if ^^^j^dh < +oo. A function which belongs to a space where ii is a Dini modulus 
of continuity is said Dini continuous. 

Lemma 5. For 9 — 9m with m £ N* , r £ (0, 1] and t ^ 0, the modulus of continuity FJ' of the flow map is Dini. 
Proof Let m G N* and < ^ 0. We set u := log'"' {h"'^) so that, using (j2.7l) . we get 

C+oc m-1 

□ 



! / -^dh ^ / rr exp^u) ■ exp(--exp™-i(u<='^P(-2^*)))dM < +oo. 



We do not know if the function Ft, with t ^ 0, defined by ()2.6p . for h small enough, is necessarily a Dini 
modulus of continuity when /Lt : [0, a] — )■ M+ is an Osgood modulus of continuity, in other terms is the flow map 
generated by an Osgood vector field is necessarily Dini continuous. 
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3 Statement of the results 



Our analysis applies as well to the case of multiply connected domains. Let us therefore assume that fl has 
as internal boundaries some piecewise smooth Jordan curves Ci, Cd, and is bounded externally by a closed 
curve Cq. We choose the positive directions on the curves Co, Ci..., Cd such that the domain is always on 
the left (so that the curves Ci, Cd are oriented clockwise and the curve Co is oriented counter-clockwise). 
For a smooth enough function /, we denote ^i{f) the circulations of / around the curve Ci, for 1 ^ i ^ d. 

3.1 Smoothness of the trajectories for bounded or "shghtly unbounded" vortici- 
ties 

We are now ready to state the first general result hinted in the introduction. 

Theorem 5. Let 6 be an admissible germ and assume that the initial data Uq is in Yg. Assume that the 
boundary dfl is C°° (respectively Gevrey of order M ^ 1). Then the flow map $ is, for any r G (0, 1), for any 
T > 0, C°° from [0,T] to Cr^ (Vl) (resp. satisfies there exists L > depending only on such that for any 
t e[0,T], for any k eN, 

\\9t'<^it^-)\\c.,m^^-^^^ (3.1) 

To deduce Theorem [T] from Theorem [5] it suffices to take into account Remark [1] and Remark [5j Let us stress 
that Theorem [5] fails to prove that the flow is C°° from [0,r] to Cprri^), for the estimate 13.11 blows up when r 
tends to 1. In the particular case where 9 9m, with m G N, the estimate p. II) and Lemma [5] yield that the 
flow map is, for any e G (0, 1), for any T > 0, Gevrey of order M + 2 + e from [0, T] to the space Cd{^) of Dini 
continuous functions. 

3.2 Extra local Holder regularity propagates smoothly 

In this section we deal with the case where the initial vorticity is locally Holder continuous. We will prove flrst 
the following result: 

Theorem 6. Assume that the boundary dil of the domain is C^. Assume that the initial data uq is in Yg^, 
with TO G N. Assume that flo is a open subset such that ilo C fl. Assume that uJo\n„ is in C;j'^'''(f2o) with Xq in 
N and r G (0, 1). Then for any t ^ 0, the restrictions ui[t, ■)\nt cind u{t, ■)\nt of the vorticity and of the velocity 
to the set Vlt :— {^{t,x), x G 51o} respectively in C^°^^ {VLq) and C^°^^'^ {Vlt^). 

Theorem [6] is a slight extension of Proposition 8.3 of [19^ which deals only with the case 9 = 9o, that is with 
bounded vorticities. 

Under the assumptions of Theorem[Sl if the boundary is smooth, local Holder regularity propagates smoothly 
along the flow lines. 

Theorem 7. Under the hypothesis of Theorem\^ assuming moreover that the boundary dQ is C°° (respectively 
Gevrey of order M ^ 1), then the flow map $ is, for any T > 0, for any compact K C flo, C°° from [0, T] to 
C^°~^^'^{K) (resp. satisfies there exists L > such that for any t G [0,T], for any k gN, 

m+'^t,.)\\c.o.^.^^K)^L>'^\k\y^+'+(^"^^^^^ (3.2) 

where {^{t, x), x G K} with K_ a compact such that K <Z K_C ilo- 

After the proof of Theorem [71 it would be clear that Theorem [7] yields Theorem [5] when we consider the 
case TO = observing that last factor of the right hand side of p.2p can be therefore estimated by the initial 
vorticity with a extra factor (fc!). 
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3.3 A few remarks about weaker solutions and the influence of the boundary 
smoothness 

Actually what wc really need in the proof of Theorem [5] is, first, of course, the existence of a flow and that the 
vorticity lies in any LP{Q) for large p. However Theorem [5] does not cover some cases where a flow map can be 
defined, and even uniquely. In particular in [2 6) Vishik proves the following result of existence and uniqueness 
of solutions to the 2D incompressible Euler equations in the full plane in a borderline space of Besov type. 

Theorem 8 (Vishik). Assume that n := and that luq G LP'>(R'^) n LP^(R'^) with 1 < po < 2 < pi < +oo. 
Assume moreover that ujq is in 

Br {/ m S'{R') s.t. Ef=-i || A,/|Uoo(r.) = 0(r(7V))}, (3.3) 

where Ti{N) :— \ogN and the Ajf denote the terms in the Littlewood-Paley decomposition of f. Let uq be the 
velocity associated to ujq by the Biot-Savart law. Then there exists T > and a solution to the Euler equations 
p.ip satisfying 

wG L°°(0,T;LP"(M2)nLPi(M2))nC^,([0,T];SrJ, 

where Vi{N) := {N + 2)r(iV). The corresponding velocity u is in i°°(0, T; Cp(R^)) with p{r) := r ■ logr~^ • 
log^r"^, so that the flow map is uniquely defined. 

It is proved in '26', Proposition 2.1 that for any p > 1, there exists / G Br and in ni^p<pL^ but not in 
Cip^pLP. Therefore our proof of Theorem [5] based on the scale of the Lebesgue spaces is not adapted to 
tackle Vishik's solutions. However the smoothness of the flow map in this case can be deduced from Gamblin's 
work [16". 

Theorem 9. Under the assumptions of Theorem\^ the flow map is for any e G (0, 1), Gevrey of order 3 + e 
from [0,T] to the space Cd(R^) of Dini continuous functions. 

Proof. According to [TB], estimate (2.3), there holds for any fc G N, for any ei G (0, l/(2(fc + 1))), for any 
tG [0,T], 

k 1 fc 

\\D u||cO,l-.i(fc + l)(R2) ^ ||M||cO,l- = l(R2)(Cej; I|ul|c0.1-.1(R2)) ^ 

It then suffices to take ei:=£/(fc + l), to use the embedding 

ll-IIco,!-., «;cer'iog£r'ii-iic,, 

Lemma [T] and [S] to conclude. □ 

Moreover for any initial vorticity in L''(r2), with p > 2, one gets a corresponding velocity which is continuous 
so that Peano's theorem applies and provides the existence of a flow. Furthermore it is known since a bunch of 
papers by Kisielewicz in 1975 that uniqueness is generic in the sense of Baire's category for Peano's continuous 
vector-fields (see Bernard's paper [4] Theorem 1 for a more procurable proof). Let us also refer here to the 
renormalization theory by Di Perna-Lions |2| and Ambrosio [T for some properties of the flow map up to some 
zero Lebesgue measure sets. 

Next Theorem provides some examples of even weaker solutions than in Theorem [5] for which some flow 
lines are analytic, despite the boundary is only assumed to be C^. 

Theorem 10. Assume that the boundary dil of the domain is C^. Let be given {Tiji^i^d S K'^i iV ^ 1 distinct 
points xi,...,xn in and {ai)i^i^N G R^. Let T > and z{t) :— (zi(i), zjv(t)) be the unique solution (up 
to the first collision) in C"([0, T]) of the Kirchoff-Routh-Lin equations of point vortices (cf. Lemma\^ with 
xi as initial positions, of respective strength on, for 1 ^ ^ ^ N , with Ti as respective circulation on the inner 
boundary Ci, for 1 ^ i ^ d. Then 

t^ J2 ai^ziit), (3.4) 

provides a weak solution of the Euler equation on [0,T] (in the sense of Definition \10\) with ujq :— X]i<;<Ar '^i^xi 
as initial data. 
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It should be argue that Theorem [10] belongs to the mathematical folklore. We provide an explicit proof in 
Appendix B for sake of completeness. We will show in particular in what sense the motions of point vortices 
can be seen as weak solutions of the Euler equations, adapting the weak vorticity formulation already used by 
Turkington [25 (in a simply connected domain) and Schochet 21 (in the full plane) to multiply connected 
domains. 

In view of Theorem [5] and Theorem [TUl it is natural to wonder to what extent it is possible to get rid of 
the boundary smoothness assumption. The following result bridges theses two results showing that, for an 
initial data with a Yudovich vorticity (let say here bounded, in order to simplify the statement) constant near 
the boundary, the smoothness of the flow map inside the domain can be obtained without assuming that the 
boundary is smooth. 

Theorem 11. Assume that the boundary dfl is C^. Then there exists c > such that for any divergence free 
vector field uq in L^(fl) tangent to the boundary dfl, with loq :— curlup G L°°(fl) constant outside of a compact 
K_C fl, for any compact K C fl, the flow map $ is, for any r e (0, 1), for any T > 0, for any M > 1, Gevrey 
of order M + 2 from [0,T] to C°''''='^P(-'=^ll"°ll^°°(f')) (iiT). 

Let us stress that there is a arbitrary small loss of Gevrey order with respect to the result of Gamblin [IB] 
about Yudovich flows in the full plane (and also with respect to Theorem [T] when assuming that the boundary 
dn is C"^). 

For classical flows, with vorticities constant near the boundary, it is possible to localize without any loss. 
Since this also holds in three dimensions, we prefer to postpone this to Appendix C, in order to avoid any 
confusion about the setting of these results. 

We also plan to investigate this issue of smoothness along the flow lines in the case where the vorticity of 
the flows has some Dirac masses, in addition to a bounded (or "slightly unbounded") part. This setting was 
introduced by Marchioro and Pulvirenti, see [20 . Uniqueness is known to hold when the flow occupies the full 
plane, when the absolutely continuous part of the vorticity is bounded and when initially the point vortices 
are surrounded by regions of constant vorticity, see also [15j . It is therefore natural to wonder if a strategy 
with a cut-off could allow to deal with this case, and for extensions to bounded domains, and to the case where 
the absolutely continuous part is slightly unbounded. An underlying motivation is to prove some property of 
smoothness along the flow lines for any setting where existence and uniqueness of the incompressible Euler 
equations are known to hold. 

4 Proof of Theorem [5] 

This section is devoted to the proof of Theorem [5] We will focus on the Gevrey case, the C°° case would be 
a byproduct of the analysis. We therefore assume that the function p{x) :— dist(x,9f2) satisfles the following: 
there exists Cp > 1 such that for all s G N, on a neighborhood W C il of the boundary dil, 

\\V^p\\^c;isir, (4.1) 

as a function (on W) with values in the set of symmetric s-linear forms. 

We will proceed by regularization, working from now on a smooth flow, with the same notation. Since the 
estimates we are going now to get are uniform with respect to the regularization parameter, the result will 
follow. We refer to [16] for more details on this step. 

Let us also recall a few basic ingredients. 

Definition 6. A vector field X from O to M. is said tangential harmonic if it is VF1'2(^2;R2), satisfies div X ^ 
and curl A" — in fl, and h ■ X = on dVl. 

Let us flrst recall the following classical result from the Hodge-De Rham theory. 

Theorem 12. The tangential harmonic vector fields are smooth up to their boundary. Their set is a vector 
space H of dimension d, orthogonal, in L'^{fl;M.'^), to any gradient of smooth functions. There is a unique family 
{Xi, Xd} which are a basis of H and satisfy Ti{Xj) — 5i_j for 1 ^ i, j ^ d. 

It is a well-known result, let us refer to [20 , Theorem 2.1 and to the appendix to introduction of [18] for a 
detailed proof of the smoothness up to the boundary. 
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Definition 7. We will denote by 11 be the orthogonal projection o/L^(ri;R^) onto the space H of tangential 
harmonic vectors. 

Lemma 6. There exists C'u >0 (depending only on fl) such that for any p > 2, for any f in LP{fl), ||n/||^p(j7) ^ 
Cn|l/llLP(n)- 

Proof. Let us orthonormalizc the Xi. We denote hy Xi, 1 ^ i ^ rf, the orthonormal system obtained. Then 

d 



n/ = V( / / • x,)x,, 

.-1 



and the Xi are smooth. □ 

We will use the following elliptic regularity estimate. 

Lemma 7. There exists c, Ch > such that for any p > 2, for any smooth vector field f from fl to M.'^ such that 
there exists (j> in W^'P{W) such that (n ■ f)\dn = (f>\dn, 

ll/lliyi-nf^) ^ div/||ip(Q) + II curl/||ip(Q) + \\(l)\\w^-p{W)) + Ch\\^f\\Lp{n)- (4.2) 

Lemma [7| relies on Calderon-Zygmund theory of singular integral operators. A particular case has been used 
in Yudovich's proof of Theorem [3] and of Theorem |4] (cf. [28], [29]). The dependance on p was crucial in his 
proof and it would also be crucial in the proof of Theorem [S] Since we did not find as it in the literature, we 
provide a proof for sake of completeness. We will use the Yudovich result: there exists c > such that for any 
p > 2, for any smooth function ip from fl to M, satisfying ip — on dfl or dn(p = on dil and Aip — 0, 

l|V</j||M/i,p(f2) < cp||A</j||ip(Q). (4.3) 

Proof. Let us still denote fi a smooth extension of the unit normal supported in W. There exists only one 
smooth function (up to a additive constant) ip which satisfies A(p = div(/ — iph) in ft, and 9„(^ = on dft. 
Using (|4.3p yields that there exists c > such that for any p > 2, 

l|V(^||vyi,p(0) < cp{\\ div/||ip(n) + UWw^-piw))- 

There exists only one smooth function which satisfies Aip — curl(/ — (/)7i) in fi, and V' = on dU. Using (|4.3p 
yields that there exists c > such that for any p > 2, 

IIVV'llvKi.p(n) ^ cp(|| curl/||LP(o) + ||0||wi,p(w))- 

Now let us observe that 

d 

{Id - n)f = 0n + + V^V + J2 

1=1 

with Pi := — \\Xi\\~^2(yi-^ 'pf^ ■ Xidx. Hence 

\\{Id~n)f\\wi.p(i^) sC cp(||div/||ip(o) + ||curl/||ip(o) + \\(t>\\w^,P(w))- (4.4) 
It only remains to estimate the harmonic part. It suffices to observe that 

d 



to get (j4.2p . with a constant Ch (where h stands for harmonic) which depends only on D, (including through the 
Xi), but not on p. □ 

Another way to deal with the harmonic part is to consider the circulations, and for 1 ^ i ^ d the function 
(pi in C°°(il) such that Acpi = in Q, with (pi = 6i j, on Cj, for j = 0, . . . , d. Let us recall the following (cf. 
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Lemma 8. For any smooth vector field f from fl to M.^ , 

d 



n/ = 5] a, (/);!:'„ (4.5) 



i=l 

where 



a^{f) / 0,curl/ + r,(/). (4.6) 
Jn 

Proof. Thanks to Green's identity we get for 1 ^ i ^ d, 

a^{f) = - I V^0, • /. 



In particular, this yields for 1 i,j d, 

/ (/),;• A-, =-5,,. (4.7) 

Jn 

Moreover V^4)i G H, for 1 ^ i ^ d, so that 

a,{f) = - [ V^(f>,-Uf. (4.8) 



Jn 

Now let us look lor the coefficients /3i(/) such that 11/ = X]j=i Plugging this into (|4.8p and taking 

into account (|4.7I) we get /?;(/) = ai{f), for 1 ^ i < d, and therefore (I4.6p . □ 

In the sequel we will need the following consequence of Lemma [7] and Lemma [51 

Lemma 9. There exists c > (depending only on fl) such that for any p > 2, for any smooth divergence free 
vector field f tangent to the boundary, there holds 

d 

cp\\ curl/|Up(j,) + |r,(/)I. (4.9) 

2=1 

Proof. Thanks to Lemma [5] there exists c > such that for any p > 2, 

d 

||n/|Up(n) c|| curl/|U.(n) |r,(/)|. 

1=1 

Plugging this in (I4.2p therefore yields (I4.9p . □ 

It is also useful to have in mind the following form of the Holder inequality: for any integer k, for any 
9 := (s, a) in 

A := {6* e N* X N7 2 s; s ^ + 1 and a (ai,...,a,) G W/ \a\ ^k+l-s}, 
where the notation \a\ stands for \a\ := ai + . . . + as, and for any p ^ 1, 

iin/^ii.^(o)^riii/^ii.^(o)- (4-10) 

i—l i—1 

We will use some formal identities, obtained in [T7^, of the iterated material derivatives {D''u)kew* , where 

D -.^dt + u.V. 

We use the following notations: for a :— {ai, . . . , as) G we will denote a! := ail . . . as!. We denote by tr{A} 
the trace of A G A^3(M) and by as{A} := A - A* the antisymmetric part of A G 7M3(R). 
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Lemma 10. For k £W , we have in Q. 

<l\vD'^u = ii{F^[u]] where F''[u] := ^ 4(6*) /(6')[m], (4.11) 

curl D''u^ as {G''[u]} where G''[u] -.^ 4(9) f{d)[ul (4.12) 

and on the boundary dfl 

h ■ D^u = H^[u] where H^[u] ^ c|(6') h{e)[u], (4.13) 

where 

f{e)[u] ■= VD"'u VD^'u and h{0)[u] WpiD^'u, . . . , D^'u}, (4.14) 



and where, for i = 1, 2, the c\,(9) are integers satisfying \c'j,{6)\ ^ and the c^{0) are negative integers 
<is-iy.- 



satisfying \cl{9)\ ^ ^jrjtj) 



Concerning the pressure it is possible to get by induction from (jl.ip the following identities (cf. [T5", Prop. 
3.5]). 



Lemma 11. For k ^ 1, we have in 



D''u + \7D''-^P^ K''[u] (4.15) 
where [u] = and for k ^ 2, 



K''[u]^-Y,[ ^ )^D'-\- D'^-'u. (4.16) 



s=l 



4.1 Walking down the scale, slowly 
Let 

fco e N*, r e (0, 1), pi > and P2 ^ Pi ■ (fco + !)• (4.17) 

I — r 

Let us introduce for L > the following function 

M.):=.-'»p{3|:,"L-e.(^)%0. + a„|;,tlf)''(^j^)'), (4.18) 

where Cp (respectively Cn > 0) is the constant introduced in (14. ip (resp. Lemma [5]). We fix L large enough 
such that 

7(i) ^ — , (4.19) 

where cq is the maximum of 1 and of the constants c and Ch introduced in Lemma [T] We are going to prove 
recursively that for any integer fc ^ fco, 

(U]M Tk 

For fc = there is nothing to prove. Now let us assume that Eq. (14.201) is proved up to fc — 1 ^ fco — 1. 
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4.1.1 Estimate of F''[u] and G''[u] 

Applying the Holder inequality (|4.10l) to the definition of f{9)[u] in (I4.14p . for 6 G Ak, yields that 

s 

Using the induction hypothesis and since for G Ak^ |a| = A;+l — 5, we have 
Now thanks to Lemma fTOl we obtain 

fc+ 1 s 
s=2 a/ \a\ = k+l-s i=l ^ 

When 6* e A, 2 ^ s ^ fc + 1 and la] = fc + 1 - s, then |a| sC A: - 1 so that 

ll^'=NII,^,,^.r^(fcO-i^Ml"IIJ.-.^.(.)E pw3T E li^TT^- (4-21) 

s=2 a/ \a\=k+l-s i=l ^ ' 

We now use the following combinatorial lemma (cf. [7! Lemma 7.3.3]). 
Lemma 12. For any couple of positive integers {s,m) we have 

^ T(g,a)< ^/,ereT(s,a):-n7T— (4.22) 

(™+l)2 + 

|a|— m 

We deduce from (|4.2ip and from the above lemma that 

We have the same bound on ||G'*''[u]||^^^^^ using (|4.12p instead of (|4.1ip . 

4.1.2 Estimate of 

Applying (|4.10p and using yields, for 9 e Ak, that 

s 

\\h{e)[u]\\ 1^ < <(s!)*'TTP"'^^II 1^ • 

Z— 1 

By using the induction hypothesis, we have 

z— 1 ^ 

Thanks to Lemma fTUl and Lemma W2\ we obtain 

ll^^'Mt.^^^^ <Pr^f^hli:.-.^.(.)E ^"^^-^^p20* (T^^T^- (4.24) 
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4.1.3 Estimate of 

Applying the Holder inequality (|4.10p to the definition (|4.16p of yields for any k ^ 2, 

s— 1 ^ ^ 

By using the induction hypothesis we get 

Finally using Lemma [Til and Theorem [T2l we have UD'^u = UK'' [u] so that, thanks to Lemma [HJ we get 

4.1.4 Conclusion 

We now apply Lemma [7] to / = D'^u (observing that, thanks to (|4.17p . we have > 2) and we use (|4.18p - 
(|iT^ - (|i:^ - (|i:Ml) - (|i:^ to get Eq. at rank k. 

4.2 Walking down the scale, from high enough 

We now apply Eq. (I4.20p with P2(k + 1) instead of p2, and we use Stirling's formula to obtain that for any 
e N, for any p2 > 

(h.\\M jk 

b2(fc + l))'^-|^^||^^f^+^,,<.+„(^) (4.26) 

So far time has intervened only as a parameter, and the inequality (I4.26P holds for any time. We will now 
estimate its right hand side with respect to the initial data. First thanks to (|4.9p there exists c > such that 
for any k, 

d 

||u|livi,P2('=+i)(n) cp2{k + 1)11 curlu||^p2(fc+i)(f2) + 
Now conservation of the U' norms of the vorticity and Kelvin's circulation theorem yields 

d 

||w||h'1.P2('=+i)(0) Cp2(fc+l)||wo||iP2('= + i)(n) +C^|ri(wo)|, 

i=l 

d 

< Cp2(fc + l)0(p2(fc + l))+C^|r,(Mo)|, 

i=l 

since uq in Yg. Plugging this into (I4.26P and using again Stirling's formula, we obtain that there exists L > 
depending only on VL such that for any fc, 

d 

P'"lki^p.(o) < p^(A:!)*^+iL'=+i(fc!p^+ie(p2(fc + 1))'=+^ + ^ 1^.^)1'+')- 

1=1 

Thanks to Morrey's inequality, there exists C > such that for any smooth function u on fi, for any r e (0, 1), 
Il/llc0''-(n) s% C\\f\\wi.P2{n), where p2 2/(1 -r). This allows to bound \\D^u\\co.r!^n) thanks to \\D^u\\wi.P2(n)- 
Then wc differentiate Eq. to get c»f'+^$(i,x) = D^u{t, $(t,x)). We consider T > and we use Lemma [U 

and the proof of Theorem[5]is over. 
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5 Proof of Theorem [6] 



In order to obtain the propagation of local smoothness we will use some interior elliptic regularity, instead of 
Lemma [7] and O Let us first recall the following Schauder estimate (cf. [5]). 

Lemma 13. Let T) he an open set such that V G fl. Let u be a continuous vector field on f2 such that divu = 
in il, h ■ u — on dil and curlu|-p in Cf'^^{'D). Then u is in Cf^^'^ (D). 

Lemma [T3l extends as follows to Dini continuous vorticities. 

Lemma 14. Let D be an open set such that V <Z fl. Let u be a continuous vector field on f2 such that divit — 
in fl, h ■ u — on dO, and curlu|-p in C^^ioc^'D), with /i is a Dini modulus of continuity. Then u is in C^(T>). 

Above the space C^joc(i^o) denotes the set of functions which are in C\i{K) for any compact subset K C flo- 
We refer to the paper [12] for a closer statement. We provide a proof for sake of completeness. 

Proof. Let us introduce vJ/q the unique solution of A^'o = curlw in ft and ^Pq = on dft. We then denote 
V = V^^to and observe that u — v is in the space H of tangential harmonic vector fields of il. Next we introduce 

^ y" log 11^^ - 2^11 • icurlu){y)dy, 

which is in C'^{T>) and satisfies = curlu in T>, according to Lemma [TBI in Appendix A. It suffices to observe 
that — is harmonic in V to conclude the proof. □ 

We are now equipped to start the proof of Theorem [5] Let us recall that we assume that the boundary dil 
of the domain is , that the initial data uq is in Yg^ , with m G N* , that fio is a open subset such that fio C f2 
and that wol^o is in C^^^{ilo) with A in N and r € (0, 1). Since ^{t, .)^^ satisfies (|1.2p with —u instead of u, 
arguing as in Lemma[3l we have that .)~^ is in C°([0, T], Cr^ (^2)). Let us denote fit x £ flo}. 

Proceeding as in Lemma [1] we get thatw(t, •) := wo($(i, O^^) ^ C"{[0,T],Cr-,iociflt)) (this notation is slightly 
improper but does not lead here to any confusion) . Now thanks to Lemma [2l the modulus of continuity is 
Dini. Applying LemmafMlvields that u is in C'^([0, T], C^(r2t)). By integration, we infer that $ and 1 1— t- $(i, .)~^ 
are in C°([0, T], C^(r2o))- Proceeding again as in Lemma [TJ we get that w(t, •) G Cj°'^(r2t). Then Lemma [T51 
yields that u(t, •) is in Cj^'^(r2t). We can now repeat the bootstrapping arguments exactly as in Proposition 8.3 
of [19] to end the proof. 



6 Proof of Theorem [7] 

This section is devoted to the proof of Theorem [T] Let us start by repeating two preliminary remarks of the 
proof of Theorem [5l First we will focus on the Gevrey case, the C°° case being a byproduct of the analysis. 
Secondly we will work from now on a smooth flow, the result following by a classical regularization argument. 



6.1 Shrinking the compact, slowly 

Let us first introduce a notation: when K is a compact and e > we denote := {x G L\/ dist (x, K'^) ^ e}. 
Let us also introduce for L > the following function 

7(L):=2L-isup^ fc-^^L^- i , ^ ' ) 20^ (6.1) 

We fix L large enough (depending on r) such that for any integer k ^ 1, 

(U\M+lrk 

(6.2) 

with p2 := -^--p (what is possible according to the analysis of section and such that 

cnc^°+\j{L)+j{L))^l, (6.3) 
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where d will appear in Lenima HSl 

Let fco G N* and e > such that diam K > k^e. We are going to prove recursively for any integer 
1 ^ A ^ Ao + 1, and then recursively for any integer k such that 1 ^ /c ^ fco that 

( U\\M+l T k -k\(l+r) 

WD^uWcKr^K^^) ^ cncUl{L)+m y ' ^i^^^y N^^Ik^ (6-4) 

where 

N\,r,K \\u\\c^-''{K) + Il'"llwi-p2('=+i)(n)- 

Let us assume that Eq. (|6.4p is proved up to fc — 1 ^ fco — 1. 

Looking forward to the definition of f{0)[u] in (I4.14p . we have that, for 9 e Ak, 

s s 

1=1 1=1 
Using the induction hypothesis, that (I6.3P and q > 1 imply ca c^{l{L) + 7(i)) =^ 1, we therefore obtain: 

Now thanks to Lemma [TOl we obtain 

S = 2 q/ |Q|=fe+l-S 1 = 1 ^ 

Using Lemma [T^] we obtain 



|pfer„l|| ^ >^^'_'^--(fc-l)A(l+r) Ar/c+l -'^ 



(fc + 1)2 ^."^'^ ^ fcA/ (fc - s + 2) 

We have the same bound on ||G'*''[u]||co,'-(if(j^_i)j. 

In order to obtain (|6.4p it then suffices to apply the following lemma to f — D^u and e — (fc — l)e using 
that (|6.3p implies Ci^{L) < 1, the inequality (|6.3p . and the inequality (|6.2p (respectively the inequality (|6.4p 
with A — 1 instead of A ) if A = 1 (resp. if A > 1). 

Lemma 15. There exists Ci > 1 such that for any e,e in (0, 1), for any f G C'^^^'^(Kg), such that div/ and 
curl/ are also in C^~''^''^{Kg), then f e C^'''{Ks+g) and 

ll/llc^-(K.+.) ^ c,£-(i+'^)(||/|bA-i,.(K,) + ||curl/|bA-i..(K,) + l|div/||c^-i..(K,)). (6.5) 

Proof. Let us first recall that there exists Ci > 0, which only depends on r, such that for any v in C°''"(R2) 
such that divi; and curlw are also in C°'''(R2)^ then v £ C^''^{M.'^) and 

lkllci-'-(R2) =^ C'i(||w||co,-(E2) + II curlw||co,r(R2) + II divu||co,.(R2)). (6.6) 

On the other hand there exists C2 > 0, which only depends on r, such that for any e,e G (0, 1), there exists 
(j) e C°°(M2) such that (j)\Ki = and 4>\k^+^ = 1 and ||(/)||ci,r(jj2) < C2e~^^~^^\ Thus it is sufficient to apply 
(|6.6p to the function v := 4>d"f, for |a| = A — 1 to conclude. □ 

6.2 Shrinking the compact, from shghtly larger 

Let X be a compact subset of fio- Let _K be a compact set such that K C C i£ C Hq. Then we apply (|6.4I) 
with A = Aq + 1, e := dist [K,Kf')/k, with K_ instead of K, and using the inequality ()6.3p . to obtain that there 
exists L > such that for any integer fc G N, 

(fc!)*^+i+(^»+i)(i+^)L'=7V,^+\,,,^. (6.7) 
We then conclude as in the proof of Theorem [S] 
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7 Proof of Theorem [TTI 



Let M > 1 and T > 0. There exists a compact K' such that K C K' C ^ such that for any t in [0,r], 
the vorticity is constant outside of K'. There exists x '■ ^ ^ [0: 1] Gevrey of order M which vanishes in a 
neighborhood of the boundary dil and which is equal to one on K'. We consider the vector field 

dt + xu.y. 

The idea is then to proceed as in section 0] estimating recursively the D'^u, for in N*, instead of the D'^u. 
The motivation for introducing the cut-off x is that the identity (|4.13p becomes: on the boundary dfl, for k 
in N*, n ■ D'^u — 0. Moreover the circulations Ti{D^u), for 1 ^ i ^ d and k ^ 1, vanish. The divD^w and 
the curlD^u can be estimated thanks to the D^^u, with j < k, and with some extra factors involving x and its 
derivatives, by using the following identities: 

D^{M2) = {D^^i)^P2 + MD^^2), (7.1) 

ViD^^P) ~ D^iVij) = (Vixu)) ■ (V^A), (7.2) 

div D^,P - D^diy^ = tr{(V(xw)) • (Vt^)} , (7.3) 

cuAD^tP - D^cuAiP = as{(V(xu)) ■ (Vt/;)} . (7.4) 

The assumption that the vorticity is constant near the boundary is useful to tackle the curlD^u. Let us stress 
in particular that 

curlD^u = I?^ curltt + as {(V(xu)) • (Vu)} , 
= i:'curlM + as{(V(xu)) • (Vu)}, 
= as{(V(xu)) • (Vu)}. 

The proof of Theorem [TT] then goes as in the proof of Theorem [5] The details are left to the reader. 

APPENDIX A 

Let V be an open and bounded subset of R^. Let us denote by T{x) :— ^ log ||a;l| the fundamental solution of 
the Poisson problem in , and for a given function / £ (V) by 

^{x) :=(r*/)(x)= / T{x~y)f{y)dy 
Jv 

the Newton potential of /. It is well-known (cf. for instance [9], Lemma 4.1) that ^ G C^(R^) with 

V^{x) = f iVT){x~y)f{y)dy. 
Jv 

It is well-known (cf. for example [5], Exercice 4.1) that in general / G C°(2?) does not imply that vj/ e C^(2?). 
However we have the following. 

Lemma 16. // / G C^,(oc(^) with fi a Dini modulus of continuity, then G C'^iT)) and = f in T). 
Proof. Let Po 3 be a bounded open set with smooth boundary SPo, and for 1 ^ i,j ^ 2, let 

u,j{x) := / {d^jT){x ~ y){f{y) - f{x))dy - f{x) f {d^r){x - y)uj{y)ds{y), 

where v is the outward normal unit to dVo, and where / is extended by zero outside V. The function Uij is 
well-defined for x G 2?: the integrands are smooth except when y is in a neighborhood of x in the first integral, 
say in an open ball B{x,R) such that B{x,R) C V. Since F satisfies the bound \dijT{x)\ ^ ^^i^^y^j and since 

/ G C^joc(2?), the contribution of the ball B(x, R) to the integral is ^^^dr < -l-oo, since /Lt is a Dini modulus 
of continuity. 
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Let 77 e C°°([0, 00)) satisfying 77(5) = for ^ s ^ 1, < /^'(s) < 2 for 1 < s ^ 2 and 77(5) = 1 for s ^ 2. 
For i = 1,2, the functions 

Wi,£(a;) := / ^i.eix - y)fiy)dy, where Ti^.ix) := {dir){x)rj{\\x\\/e), 
Jv 

converges uniformly on the compact subsets of 2? to di^ when e > tends to 0, since for any a; G 2? and for 
2e e {Q,d{x,dV)), 

vU^) ~ = / {d,T){x - 2/)(77(||x - y\\/e) - l)f{y)dy 

J B{x,2e) 

hence 

\v,,,{x)~d,-^{x)\^ I -2|/(y)|dy«;2e||/|U^(P). 



{x,2e) 27r||a; - 



Now, for any x € J), 



djv,,,ix) = / {d,T,,,)ix - y){f{y) - f{x))dy + f{x) / {d,T,,,){x - y)dy. 



Moreover, thanks to Green's identity, we have 



{djT.i.e){x - y)dy = - / T^^e{x - y)vj{y)ds{y) 

-) JdVa 



{dir){x - y)vj{y)ds{y) 



for 2£ e {0,d(x,dV)). Therefore 



djv,^e{x) = / {d,T,,,){x - y){f{y) - f{x))dy - f{x) / {d,T)ix - y)iyj{y)ds{y). 



Then 



with 



Uij{x) - djVi,^{x) = / T^j,^{x -y){f{y) " fix))dy, 

J B{x,2e) 



t,,.M := %r(:r)(l - viM/e)) - d,T{x)^' {\\x\\l e)- 



e\\x\\ 

Since |f»j,e(x)| ^(jiTip + 7pi|)> we obtain 

- < 6 / ^^^dr 

Jo ^ 

which tends to 0, since /i is a Dini modulus of continuity. We therefore have shown that djVi^e converges to Uij 
when £ tends to uniformly on the compact subsets of T>. Therefore 5* G C^{T)) and dij"^ = Uij. It is then 
sufficient to use that AF = Sq and Green's identity to get A^P = / in 2?. □ 

APPENDIX B 

The goal of this appendix is to provide an explicit proof of Theorem (TU] In particular we will show how the 
motions of isolated point vortices can be considered as weak solutions of the Euler equations, thanks to an 
appropriated weak vorticity formulation of the Euler equations for multiply connected domains. Since the 
trajectories of the point vortices are analytic (up to the first collision) this will provide some examples of very 
singular solutions of the Euler equations for which the flow restricted to the finite collection of the initial 
positions of the vortices is analytic, despite the boundary of the domain is not analytic. We only assume 
here that the boundary dfl of the domain is . The study of the motion of isolated vortices goes back to 
Helmholtz, Kirchoff, Routh, and to Lin [M] in the case of multiply connected domains that will be considered 
here. Let us first recall the existence of the hydrodynamic Green function. 
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Lemma 17. There exists an unique function G : (x, G 51 x i— >• G{x,y) € M satisfying the following 
properties: 



(i). The function 



g{x,y) -.^Gix.^y) - ^\og\\x-y\\ (7.5) 



is harmonic with respect to x on VL, for any y E ^l. 

(ii). For 1 ^ I ^ d, for y d fl, the function G{-, y) is constant when x ranges over Ci. 

(Hi). The function G vanishes over the outer boundary Cq: for x € Gq, for y S fi, G{x,y) — 0. 

(iv). For 1 ^ I ^ d, for y Eil, the circulation around Ci of 'V^G{-,y) vanishes: r;(V^G'(-, y)) = 0. 

Moreover G satisfies the reciprocity-symmetry relation: for any {x,y) Efl x 

Gix,y)^Giy,x). (7.6) 

Proof. We will use again for 1 ^ i ^ d the function 0; in G°°{il) such that A(/)i = in fi, with 0; — Sij, on Gj, 
for j = 0,. . . ,d. We introduce the matrix M := {mij)i^ij^d with j :— TiCV^cjij). Let us also recall that 
Green's identity yields for any smooth vector field / from ft to R^, 

/ 0. curl / + r,;(/) - - / V^0. • /. (7.7) 
Jn Jn 

This yields in particular rUij = — J^\7^(t)i ' ^'^'Pj- Therefore the matrix M := {mij)i^ij^d is symmetric 
definite negative. Let us denote pij the entries of its inverse M~^. Let us denote by Go{x,y) the Green's 
function associated to the Dirichlet condition. We then set 

G{x,y) := Go{x,y) + ^ p^J(|)^{x)(|)J{y). 

The conditions (i), (ii), (Hi) and the reciprocity-symmetry relation (j7.6p are therefore satisfied. Now (|7.7p also 
applies to / V^Gq and we get for 1 ^ / ^ for y E il, 

Ti{\/^Go{-,y)) = -(f>i{y), and Tii ^ Pi,j<l>i{-)<l>j{y)) = ^ Pi,j'mi,i(l)j{y) ^ (piiy), 

SO that 

rKv^G(-,2/)) = o. 

The condition (iv) is therefore satisfied. Let us now prove the uniqueness: assume that two functions Gi and 
G2 satisfy the properties («),.•■, (iv) then for any y £ fi, Green's identity yields that ||V(Gi — G2)1P = 0, so 
that Gi = G2 since they both vanish on Gq. □ 

We now consider N vortices of respective strength ai £M.* , ior 1 ^ i ^ N, located at N distinct points of V, 
and we prescribe some real Ti as respective circulations on the inner boundaries Gi, for 1 ^ i ^ d. We deduce 
from Lemma [T7] that there exists only one corresponding stream function. 

Lemma 18. Let be given 
and 

X {xi,...,xn) e := {(a^i, ■■■,xn) e fi/ Xi ^ xj /or 1 < i 7^ j ^ N}. 

Then there exists a unique function : J7 R such that 
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(i). The function 

N 
i=l 

is harmonic in Q. 

(ii). For 1 S^l ^ d, the function tp is constant when x ranges over Ci. 
(Hi). The function ip vanishes over the outer boundary Cq: for x G Co, i}}{x) — 0. 

(iv). For 1 ^ I ^ d, the circulation around Ci ofS/^ip is ri{V'^ip) — T;. 
Moreover 

N 

■i/) := aiG{-, xi) + tAo with tpp :^ ^ T^pijcjij. (7.8) 

1=1 l^ij^d 

The total kinetic energy || Vi/'lP of the flow is infinite (except if afl the ai vanish) so that no information 
can be derived from its conservation. Nevertheless there exists the following substitute. 

Definition 8. We define the Kirchoff-Routh-Lin function (for x := {xi, xn) G ^In ) by 
W{x) -.^ X! (^li^oixi) + ^ ^ afr{xi) + ^ ^ aia,nG{xi,Xm), 

where the function r is the restriction on its diagonal of the function g appearing in (j7.5l) . that is the function 
r defined on by r{x) :— g{x,x). The function r is referred as the hydrodynamic Robin function. 

Indeed the Kirchoff-Routh-Lin function is a renormalized energy of the system, excluding the free part 
(that is the one which should take place in the absence of boundaries) of the self-interaction of each vortex. 
The first term in the definition of W corresponds to the energy created by the interaction with vortices outside 
n corresponding to the circulations on the C'l , the second term correspond to the part of the self-interaction of 
each vortex induced by the presence of boundaries (by symmetry breaking) and the third one corresponds to 
the interaction between any distinct pair of vortices. 

Definition 9 (Lin I14J). The trajectories z{t) := {zi{t), ZN{t)) of N point vortices of respective strength 
ai G K*, for I ^ i ^ N , located at initial time at the {xi, ...,xn) £ ^^n is given by the following Hamiltonian 
ODE 

lzit) = Fiz{t)), (7.9) 
z{0) = {xi,...,xn), (7.10) 

where F : z := (zi,...,z^) e ^ F{z) {F^{z), ...,Fn{z)), with F,{z) := ±.Vj^W{z). 

Observing that the vector field F is analytic on rijy we have the following. 

Lemma 19. There exists T > and a unique solution z{t) in C"^([0,r]) of (f7J|) - ()7.10|) . 

Let us now introduce an appropriated weak vorticity formulation of the Euler equations for multiply con- 
nected domains. 

Definition 10. Let be given ujj^ in the space A4(fl) of the Radon measures on . We say thatuj in L°°{S.^,M{fl)) 
is a weak solution of the Euler equations on [0,T) with ujq as initial vorticity and circulations F if for any test 
function ip€C^{[0,T)xn,R), 

/ (p{0,x)dujo{x) + / / L^{t,x)duj{t,x)dt+ / / / H^{t,x,y) duj{t,x)duj{t,y)dt = 0, (7.11) 
Jn Jlo.T] Jn "'[o.T] Jn Jn 
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where L^p is the function in C^{[0,T) x JljM), defined by 

Lp{t, x) := dtifiit, x) + Xo{x) ■ VMt, x), (7.12) 

and is the auxiliary function: 

^ ^ yy^\ \{^xV{t,x) ■ K{x,y) ^^V^Lpit^y) ■ K{y,x)^, for x ^ y 
^ ' ' 1 ^'^x(p{t,x) -V-^r^x), forx = y, 

with 

K{x, y) V^G(x, y) and Xo(a;) := V^M^), (7.14) 
where the function ipQ is the one in (|7.8[) . 



The three terms in (j7.1ip makes sense: in particular let us observe that the function iJ^ is bounded. 

Let us first verify that a smooth solution of the Euler equations is also a weak solution in the sense above. 

Lemma 20. Let be given uq S C°°{[0,T] x il) D C([0,T] x ft) satisfying div uq = in and uq ■ n — 
on dfl. Let u be the unique solution in C°°([0,+oo) x ^^) of the Euler equations (jl.ip (cf. USD- Then 
for any T > 0, lu := curlw satisfies the weak vorticity formulation of Definition UOI with luq curlwo an 
^0 ■■= Eis:jj^<ir»(uo)p»j0j. 

Proof. We start with the vorticity formulation of the Euler equations: 

dtuj+ div (uju) ^ 0. (7.15) 

We consider T > and we multiply by a test function (p e C^([0,T) x ri;R), and integrate by parts over 
[0,r] xnto get 

/ ip{0, x)ujo{x)dx + / / dt(p[t^x) uj{t^x)dxdt + / / 'Vx'p{t,x)uj{t,x)u{t,x)dxdt — 0, (7.16) 
Jn Ao:T] Jn J[o,T] Jo, 

where wq is the initial value of uj. Now the velocity can be recovered from the vorticity by using Lemma 1171 
More precisely we have the following. 

Lemma 21. Let be given lo G C^(fl) and some real Ti, for 1 ^ i ^ d. Then there exists a unique u £ 

c°°{n)nc{n) such that 

curl u — ll>, in 57, 

div M = 0, in fJ, , , 

u - n = 0, on on, ^ ' ' 

Ti{u) = Pi, fori = l,...,d. 

Moreover u = Xq + -ftr[a;], where Xq is as in Definition \10\ and 



K[uj]ix) := / Kix,yMy)dy. (7.18) 

As a consequence we infer that 



(P{0,x)ujq{x) dx + / / Lp{t,x) duj{t,x)dt + / / Vipit^x) ■ K[uj]{t,x)uj(t,x) dxdt = 0, 
J[o,T] Jn J[o,T] Jn 

Now by substituting K[ll!] for its integral expression and subsequently symmetrizing the kernel in the nonlinear 
term above, we get (|7.1ip with 

i {vMt, x) ■ K{x, y) + VMt. V) ■ K{y, x)) (7.19) 

instead of H^{t, x, y). Since the integrand is in L"^([0, T]x^lxn), modifying (|7.19p for _ff^ does not modify the 
value of the integral, so that for any T > 0, a; := curlu satisfies the weak vorticity formulation of Definition 

m □ 
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Let us now start the proof of Theorem [101 we consider the trajectories z{t) := {zi{t), ZN{t)) on [0, T] of 
N isolated point vortices of respective strength a; G M*, for 1 ^ Z ^ A^, given by Lemma [HI We denote by u 
the following function with measure- values 

Let us consider a test function tp E C^{[Q,T) x 0,M). Thanks to the chain rule, we have for any t G [0,T], for 
any 1^1 N, 

dt{^{t,zi{t))) = {dtp){t,zi{t))+z'i{t)-\/Mt,Mt))- 
Let us observe that (|7.9p amounts to the equations 

zl{t) = Xo(2,(i)) + ^vXzz(i)) + J2 o^.^^iG{zi{t),z^{t)). 

Therefore 

dt{^{t, zi{t))) = L^{t, zi{t)) + ^V^r(z,(t)) • V,(p(i, zi{t)) + a„,ViG{zi{t), z„,{t)) ■ VM*, ^/(*))- 

Now integrate on [0, T], multiply by ai and sum over 1 ^ / ^ to get 

0= ^ ai(p{0,xi)+ X! / L^{t,zi{t))dt 

+ / E E a/amV^G(z,(t),z„(t))) •V,^(zz(t))dt, 

what, after symmetrizing the last sum, amouts to say that w is a weak solution of the Euler equation with 
Wo ■= ^KKN '^i^xi as initial data and as repective circulation around the curve Ci, for 1 ^ i ^ d. 

APPENDIX C 

The goal of this appendix is to provide a proof of the statement below Theorem [11] about analyticity of the flow 
of classical solutions, whose vorticity is constant in a neighborhood of the boundary, which is only assumed to 
be C^. To be more general we assume here that the fluid fills a bounded regular domain C M'^, with d = 2 or 
3. We denote, for A in N and r G (0, 1), the space C^''^{il) of divergence free vector fields u in C^'^{ft) tangent 
to the boundary. 

Theorem 13. Assume that the boundary dft is . Assume that uq in C^^^'^{il), where X inN and r e (0, 1). 
Assume that luq := curlwo is constant outside of a compact K_ C ^. Then for any compact K G the flow $ 
is m the space C"([0, T], C-^+i'''(i^)) of real analytic functions from [0,T] to C^+'^'''{K). 

Proof. Let us introduce a function xo in C^'^^'^{n) such that xo\kuk = 1- There exists T > and only one x 
in L°°([0, T], C^^+i''-(17)) such that ~ 

DxX = 0, x\t=o = Xo, where := dt + xu.V. 

As in the proof of Theorem [3 we have, for k in W, n ■ D^u = on the boundary dVl^ and Ti{D^u) = 0, for 
1 ^ « ^ d. Moreover we obtain, by iteration, using the identities (I7.1I) - (|7.4I) . that for fc e N*, in 

divi?^« = tr{F^^M} where F^^M ^ 4(0)/x(0)M, 

where 

/x(6l)M := Vxl^^'u • . . . ■ VxD"'-^u ■ VD^^u, (7.20) 
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and where the are integers satisfying |dfe(6')| ^ ^. As in the proof of Theorem [7] the assumption that the 

vorticity is constant near the boundary is useful to tackle the curlZJ^u. For instance, we have that, in ft, 

curl u = D curl u. (7-21) 

Moreover, using the identities (I7.ip - (|7.4I) . we get 

curlD^u = curlu + as {(V(xu)) • (Vu)} . 

Since we also that 

= curl ZJu L» curl u + as {(Vu) • (Vu)} , 

we infer that 

curlD^"" = as{(V((x - l)u)) • (Vu)}. 
Then proceeding by iteration, and using the identities (|7.ip - (j7.4p and D^x = Oi obtain that k E N* , in fi, 
curlZJ^u = tr{G^[u]} where [it] := ^ 4(0) g^{e)[u], 

where Ak denotes the set 

Ak := {(s,£,a)/ 2 sC s A: + 1, £ G {0, 1}""^ with |e| = 1, and a := (ai, . ..,«,.) e N"/ |a| = A: + 1 ~ s}, 

for 6 = {s,e,a) G Ak, gx{6)[u] denotes 

5xWN := V((x - e,)D^^u) • . . . • V((x - • VZ?«»?., (7.22) 

and where the d1{6) are integers satisfying ^ ^■ 

Then we estimate recursively the D^u, for fc in N*, thanks to classical elliptic estimates in Holder spaces, 
as in the proof of Theorem 2 of [17] . 

□ 

8 Acknowlegment 

I warmly thank O. Glass, J. Hulshof and J. Kelliher for useful discussions. 

References 

[1] L. Ambrosio. Transport equation and Cauchy problem for BV vector fields. Invent. Math., 158(2):227-260, 
2004. 

[2] R. J. DiPerna and P.-L. Lions. Ordinary differential equations, transport theory and Sobolev spaces. Invent. 
Math., 98(3):511-547, 1989. 

[3] H. Bahouri, J.-Y. Chemin, and R. Danchin. Fourier Analysis and nonlinear partial differential equations. 
Springer. 

[4] P. Bernard. Some remarks on the continuity equation. Seminaire EDP de I'Ecole Polytechnique, 2008-2009. 

[5] J.-Y. Chemin. Sur le mouvement des particules d'un fluide parfait incompressible bidimensionnel. Invent. 
Math., 103(3):599-629, 1991. 

[6] J.-Y. Chemin. Regularite de la trajectoire des particules d'un fluide parfait incompressible remplissant 
I'espace. J. Math. Pures Appl. (9), 71(5):407-417, 1992. 

[7] J.-Y. Chemin. Fluides parfaits incompressibles. Asterisque 230, 1995. 



22 



[8] H. Bahouri and J.-Y. Chemin. Equations de transport relatives a des ehamps de vecteurs non-lipschitziens 
et meeanique des fluides. Arch. Rational Mech. Anal., 127(2):159 181, 1994. 

[9] D. Gilbarg and N. Trudinger. Elliptic partial differential equations of second order. Classics in Mathematics. 
Springer- Verlag. 2001. 

[10] T. Kato. On classical solutions of the two-dimensional nonstationary Euler equation. Arch. Rational Mech. 
Anal, 25:188-200, 1967. 

[11] J. Kelliher. PhD thesis. University of Texas at Austin. 2005. 

[12] H. Koch. Transport and instability for perfect fluids. Math. Ann., 323(3):491-523. 2002. 

[13] P. Koebe. Abhandlungen zur Theorie der konformen Abbildung. Math. Z., 2(1-2): 198-236. 1918. 

[14] C. C. Lin. On the Motion of Vortices in Two Dimensions. University of Toronto Studies, Applied Mathe- 
matics Series, no. 5, 1943. 

[15] C. Lacave and E. Miot. Uniqueness for the vortex-wave system when the vorticity is constant near the 
point vortex. SIAM J. Math. Anal, 41(3):1138-1163, 2009. 

[16] P. Gamblin. Systcme d'Euler incompressible et regularite microlocale analytique. Ann. Inst. Fourier 
(Grenoble), 44(5):1449-1475, 1994. 

[17] O. Glass, F. Sueur, and T. Takahashi. Smoothness of the motion of a rigid body immersed in an incom- 
pressible perfect fluid. Preprint. 

[18] T. Kato. On the smoothness of trajectories in incompressible perfect fluids. In Nonlinear wave equations 
(Providence, RI, 1998), volume 263 of Contemp. Math., pages 109-130. Amer. Math. Soc, Providence, RI, 
2000. 

[19] A. Majda and A. Bertozzi, Vorticity and incompressible flow. Cambridge Texts in Applied Mathematics, 
27, 2002. 

[20] C. Marchioro and M. Pulvirenti, Mathematical theory of incompressible nonviscous fluids. Applied Math- 
ematical Sciences, 96, 1994. 

[21] S. Schochet, The weak vorticity formulation of the 2-D Euler equations and concentration-cancellation. 
Comm. Partial Differential Equations, 20(5-6):1077-1104, 1995. 

[22] P. Serfati. Equation d'Euler et holomorphies a faible regularite spatiale. C. R. Acad. Sci. Paris Ser. I 
Math., 320(2):175-180, 1995. 

[23] P. Serfati. Solutions C°° en temps, n-log Lipschitz bornees en espace et equation d'Euler. C. R. Acad. Sci. 
Paris Ser. I Math., 320(5):555-558, 1995. 

[24] P. Serfati. Structures holomorphes a faible regularite spatiale en meeanique des fluides. J. Math. Pures 
Appl (9), 74(2):95-104, 1995. 

[25] B. Turkington. On the evolution of a concentrated vortex in an ideal fluid. Arch. Rational Mech. Anal. 
97(l):75-87, 1987. 

[26] M. Vishik. Incompressible flows of an ideal fluid with vorticity in borderline spaces of Besov type. Ann. 
Sci. Ecole Norm. Sup. (4), 32(6):769-812, 1999. 

[27] W. Wolibner. Un theoreme sur I'existence du mouvement plan d'un fluide parfait, homogene, incompress- 
ible, pendant un temps inflniment long. Math. Z., 37(l):698-726, 1933. 

[28] V. I. Yudovich. Non-stationary flows of an ideal incompressible fluid. Z. Vycisl. Mat. i Mat. Fiz., 3:1032- 
1066, 1963. 

[29] V. I. Yudovich. Uniqueness theorem for the basic nonstationary problem in the dynamics of an ideal 
incompressible fluid. Math. Res. Lett, 2(l):27-38, 1995. 



23 



